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THE OPERATION OF ADDITION 


The first fundamental operation we shall study is called 
addition. It is one of the basic operations of mathematics. 
In the past, addition was considered as a process of “putting 
like things together.” For example: 





we ay 


©, 


4apples + 5 apples 





In the new mathematics we prefer to add numbers and not objects. 
We shall think of addition as an operation on the numbers of two 
disjoint sets to produce a single number. The numbers of the individ- 
ual sets are called addends. The number of the union of the sets is 


called the sum. 


NS cage ls 





addend addend sum 
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ORDERED PAIRS OF NUMBERS» 


A most important idea in mathematics is an ordered pair of 
numbers. 


An ordered pair is shown like this: 5 Vi 
2 







Since order is important in an ordered pair, we see that 


(6,8) 4 (8,6) 


In the same way, 


If a, b, c and d stand for whole numbers, then (a,b) = (c,d) means 
G-= cand.) =d. 


Any ordered pair in which both members are the same is not 
changed if the first and second members are interchanged. 


(6,6) = (6,6 


TE ARTES AS PS ‘ 


ANOTHER LOOK AT THE OPERATION OF ADDITION 


On page 2 we saw that when the operation of addition is ap- 
plied to the ordered pair (3,1) the result was the number 3 + 1, 
or in its simplest form, 4. Similarly, under the operation of addition, 
(3,4) becomes 8 + 4; (2,1) becomes 2 + 1; (4,0) becomes 4 + 0, 

Addition as an operation assigns to an ordered pair of numbers 
(a,b) one and only one number, (a + 6). Ifa = n(A) and 6 = n(B), 


then n(A U B) = n(A) + n(B) = a + 8, provided A and B are 
disjoint. 


B AUB 





«ig 


n(A)=a=3  n(B)=b=2 WAUB)=a45=342 


Addition depends on the cardinal number of the union of two 
disjoint sets—not on the kinds of members of the union. 





While P + Q, n(P) = n(Q). 
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THE SUM OF TWO WHOLE NUMBERS 


We shall agree that the sum of 2 and 8 is 2 + 3; of 3 and 4 is 
3 + 4; of 5and6is 5 + 6. When we place a plus (+) sign be- 
tween the numerals which stand for any two whole numbers, we 
have a numeral which represents the swum of the given numbers. 





: — That does 3 25 ee for? This could be einen ances one 
th e number ‘ ee a It oe ay een the sum of the | | 
_ numbers | 3 and 5. 2 an | 
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n(T) = 2 nV) al neko Visas 
Ps ee} 


Above you see one way of giving meaning to 2 + 1. It is the 
sum of the numbers “two” and “one.” 


What does the following suggest to ee 


use Y y\- 


If you said, “The union of two disjoint sets,” you were correct. 
You could also have said, “A way of showing the sum of two and 
four.” 
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SOME BASIC IDEAS OF ADDITION 
- We begin by examining the sentence 1 + 0 = []. We want to 
replace the placeholder so as to have a true sentence. We will use 


the following sets as a model. 
of S a) 


| n(C) ne n(@) = 0 | n(CU @)=1 
140-1 


The only possible replacement for the [_] is 1. The addends 
land 0 giveasum 1 + Oor 1. 


a) 


: » are P % & 
ne) = (CG) es neg OC) =a 


We see that 0 + 1=1 +0. The union of two sets isa 
commutative operation. That is, the result is the same no 
matter what order the union is taken. Since addition uses the 
union of two disjoint sets as a model, we expect the operation 
of addition is also a commutative operation. 

The operation union (U) is performed on sets but the 
operation addition (+) is performed on numbers, 
Sometimes the commutative property is referred to as the 

order property. 
6 
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We would not go into a bakery and ask for 4 + 7 cookies. The 
clerk would think that was funny. What would we do? We look for 
the simplest numeral for 4 + 7. One way to do so follows. 





We see that n(A) = 4, n(B) = 7,and n(A U B).= 11. Since A 
and B are disjoint, we know the sum of 4 and 7 is 4 + 7 
or simplest numeral, 11. 


So we see that in adding two numbers it is best to find the 
simplest or standard numeral to express their sum. 
In the illustration above we can find the standard numeral for 
4 + 7 by the process of counting. But we do not wish to count every 
time we need to find a standard numeral. Let’s see if we can find ways 
to avoid having to count. 
7 





LEARNING ADDITION FACTS 
We have learned that 1 + 0 = 0 + 1. What is the solution 


set for1 + 1=[]? 
ee : 
“"@@ 
2 


& 
1l+1= 
We see that the standard numeral for 1 + 1 is 2. 
We find the standard numeral for 2 + 1 in the same way. 


apg 








os iL as 
Because we know that addition is commutative we also know 
Eaatele 2a 


It is not difficult to show that 2 + 2 = 4, 


, j 


BY 
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LET’S REVIEW 
What sums are suggested by the following set relations? 


ae 





| Draw lines connecting equal ordered pairs. 


144) 6 4 12) 1+0,3+0) @+1,3+1) 
G1 +1) (2243) (oo) ae. ft 





Write true or false for each of the following set relations. 





xi a eee See” 





FUN FOR YOU 


Ask someone to think of a number & 
from 1 to 15. Then ask him if his num- 9 
ber is represented in the column with 
the red 1, the column with the blue Ze ca) 
the column with the orange 4, and the 11 
column with the green 8. Every time he 
answers “yes” remember the number 12 12 10 
represented by the numeral at the top 13 12 11 11 
of the column. The sum of these num- 
bers is the number your friend is think- 14 14 14 13 
ing of. Can you tell why this trick 15 15 15 15 
works? 


Study the following diagram. 


A B AUB 
(2B -(9ss}-(9 Sh 
- n(A) = 2 Aiea eu 


Why doesn’t n(A) + n(B) = n(A U B)? 
Study the diagrams at the left. N ow, complete the other ones. 








EXPANDED NOTATION 


The system we use for expressing numbers and performing 
operations on numbers is called the Hindu-Arabic system. It isa 
base ten system because every whole number can be written using 
any one or a combination of the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. The 
addends in this system are 1’s, 10’s, 100’s, 1000’s, ete. 


Standard Numeral 


Expanded Numeral 








LOT 6 


30 + 4 


- In similar fashion a . 
468 = 400 + 60 + 8 705 = 700 + 0+5- 
850 = 800 + 50 + 0 600 = 600 + 04+ 0 








USING THE NUMBER ZERO IN ADDITION 


Le) 








ey oy ae 
.' 
z 











a) 
me) = 0) mee n(@ UT) =8 
We see that2 +0 = 203 °= 3. Using the same ideas we 
could see 
1+0=1 (ieee 3+0=838 0+38=3 
4+0=4 0+4=4 5+0=5 0+5=5 
and many more. 


Whenever we add two numbers one of which is zero the sum is 
the other number. When zero is added to any number the number 
remains zdentically the same. We call zero the identity element 
for addition. eee 

If 6 is any whole number, b +0 =0+0= b, 
12 


ADDITION IS ASSOCIATIVE 


For any three sets A, B, and C, we know (A UB) UC = 
A U (B U C). We may unite A with B and then join this set 
to C, or we may join A to the union of B and C, 





AD) Slo wOQle te ae “an UW OUR) 24 


Isn(P U QU R) equal to (1 + 1) + 2ortol + (1 + 2)? 


On page 8 we saw that1 + 1 = 2and242=4 Therefore, 
Cae 0) de ee bart se 2) 
2+2=4 1+38=4 


_ We see that (1+ 1)+2=1+4 (1+ 2), 
We say addition is an associative operation. For instance, if a, b 
and ¢ are any three whole numbers, then 
(a+b)+c=a+(b+ 0). 


We may associate b with a first and add c, or we may associate b 
with ¢ and then add to a. 


Sometimes the associative property is referred to as the 
grouping property. 


a3 


? 





FINDING STANDARD NUMERALS 


Suppose we wish to find the standard numeral for 6 + 5. 





We begin by asking “six plus what number equals ten?” The 
answer is “four.” Another name for five is 4 + 1. 





Now we have 6 + 5 = 6 + (4+ 1). 


Since addition is associative we finish the example: 





64+4+1)=6+4)4+1=104+1=11 


See if you can find the standard numeral for 8 + 6. 





; i ay Lie Gee ce as Eris) mh 
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USING ADDITION TO SOLVE PROBLEMS 


How can we use simple addition to solve problems we see around 
us? Let’s look at a few problems. 


Ronnie and Steve went fishing. 
Ronnie caught 7 fish and Steve 
caught 5 fish. How many fish did 
they catch together? 

To solve this problem we try to 
find a mathematical equation 
which can serve as a model for our 
solution. The sum of 7 and 5 is 
what we are looking for. 


7+5=(]<= sum 
, 
addend addend 





The standard numeral for 7 + 5 is 12. Together the boys caught 
Waish. = 


Kate has two boxes of crayons. 
In one box there are 3 crayons, in 
the other, 6 crayons. How many 
crayons does she have in both 
boxes? 

Here is an equation which will 
give us the answer we want. 


3+6=] 
Al k 
addend addend sum 














ADDING THREE NUMBERS 
Study these set diagrams. 





@ ale 6 


130+ 26° 






prea as 





a + i+ 2 = 6 


When adding three numbers, the numbers may be arranged in any 
order. We choose any two, add them, then add the third number to 
this sum. 


Notice how we use this principle on 8 + 14 + 7, 
$+144+47=84+7+14=104+14=% 


ADDING FOUR OR MORE NUMBERS 


Addition is an operation performed on two numbers at a time. 
If (a,b) is an ordered pair, then addition assigns to this pair the 
number a + 0. To (5,2) addition assigns 5 + 2 or 7. 


We learned thata +b =b+a (commutative property) and 
a+ (b +c) = (a + bd) + ¢ (associative property). For example, 
o9+2=2+5and3+4+ (44+ 6)=(8 +4) +6. 


How shall we handle the sum of four numbers? For instance, 
what meaning shall we attach to3 + 4 + 2+ 1? 


We want 


a . 





It may be shown that the sum of four or more numbers can be 


found by adding pairs of numbers in any order until all the num- 
bers have been used. : 


We can think of 3 + 4 + 2 + 1 in many ways. Here are a few. 
8+4+4+2+1=(844)4+(2+1)=743= 10 
$+44+2+4+1=(84+14+(44+2)=44+6=10 
$8+44+2+1=3+(4+2)4+1=34+(6+4+1 =3+7=10 


Because addition is commutative and associative the sum is the 
same wn all cases. / 





USING ADDITION FOR PROBLEMS 
Let’s solve some problems where we must be able to add more 
than two numbers. — | 





Mr. and Mrs. Fox took Kate and 
Ronnie to the zoo. They saw 8 
monkeys in one cage, 4 monkeys 
in a second cage, and 9 monkeys 
in a third cage. How many mon- 
keys were there in the three cages? 


Bako i ng 


be found by solving this equation: 


8444+9=(f 
We write38+44+9=(8+4+4+9=749 
=74+(8+ 6) =(7+3)+6 


Kate and three of the girls in 
her Girl Scout troop sold Girl 
Scout cookies. On the first day, 
Kate sold 7 boxes, Lisa sold 6 
boxes, Jody sold 8 boxes, and 
Mona sold 3 boxes. How many 
boxes did the girls sell the first 
day? te 

We use as a model for our ‘in~ 
thinking the following equation: — pamwm 


7+6+8+3=([] 









r NS 
emo hes. oy) 


egg more “ 
5 eS 74 


NC 












) + (6 + 8) 


(7+ 3 
10 + 14 = 24 


We write7 +64+8483 


The answer to this problem can 














Express as expanded numerals. (If you have trouble, turn back to 






























































page 11.) 
1p + 635 + 
12 = Te 0) = “+ 
| 48 = ob OV == -- 
Express as the sum of ones and tens. 
38 = tens + ones 90 = tens + ones 
56 = tens + ones 77 = tens + ones 


Fill in the missing squares. Each row, horizontally, vertically, and 
(b) 80, (c) 18. 


diagonally must add up to (a) 15, 





MORE REVIEW 
Complete each equation. oe 
8+4=8+(2+1[) 1+3+8=4+ (0+ 2) 
8+9=(38+7+0 94+7=9+(1+0) 
$+5+64+8=(8+5)+(0+8) 6+6=6+4+(0+ 2) 


~H=7+8+0) B2=9+0+0) 4=84+24+) 
W=9+0+O) W=4+6+0) 2W=0+6+2) 





Express as expanded numerals. 


1D + -+- 635 = ai. 




















723 = + +. 980 = de 
Place the correct numeral in each missing position. 


























How can the number line be used to help make 8 + 5 meaningful? 
Study the diagram carefully. 


oe: ans 
oy ee en aa 
Bp el oe ee GEER OO he Tee ee ae 


105 ae AeA 


See how the number line can be used to solve the equation 
Grafs. 5 [ial | 


ed 


Ope ee AL 2 O25 Fey Ou Oe le 1? Oe ide ol eae 
Now, on the number line below, solve the equation 5 + 9 = [], 


Qs ators 3 Ae OO cee, LO ee LOE AO” 19% tts 





COMPARING ADDITION AND SUBTRACTION 
of additi 





on and subtraction. 


a 







ete: 





eaRnS 


Let us review the basic ideas 








Bvt 
< 





® 





n(C) — n(D) = n(C ~ D) 
5b — 2°=-3 





We see that 3 if 2 = 5 may be compared with) — 2 = 3. 
Similarly, 3 + 4 = 7 may be compared with 7 — 4 = 3. Note 
how we compare still other equations. 


14+4=5 5-41 

| (24.6= 8 S 6 =? 
Can you complete these equations? | 
84+5=[] fi 5 = 3 
AA io 9—{]=4 
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SUBTRACTION “UNDOES” ADDITION | 


We have just seen that 8 + 2 = 5 and5 — 2 = 3 are two 
statements that say the same thing. | 
Let’s look-at these two statements side by side. 


8+2=5 5-2=38 | 
Another name for 5 is 8 + 2. Suppose we replace 5 in the second 
statement with 3 + 2. We get 
(8 + 2) -—2=3. 
If we start with 3, add 2, then subtract 2, we are right back 
at 3. We say that subtracting 2 wndoes what adding 2 did. 














Fal ane! 
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USING EXPANDED NUMERALS 


How shall we add 11 and 3? We will use expanded numerals and 
the associative property of addition. 


11+3=(104+1)4+3 


In the same way 





Bo] 0 2 By = 10 4H Ga Seo ee 


How should we add 5 and 11? In this case it would be better 
to represent 11 as 1 + 10 and not 10 + 1. We would show 
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When we add as we did on the previous page we 
are using horizontal (across the page) notation. 
Sometimes it is just as easy to use vertical (up and 
down) notation. 





To add 12 and 27 most of us do this. Two ones plus 
12 seven ones is nine ones. Write 9 in ones’ place in the 
+27 sum. One ten plus two tens is three tens. Write 3 in 
tens’ place in the sum. Do you know why we add 
39 
ones to ones and tens to tens? 





a Working Reasoning 

12 + 27 = (10 + 2) + (204+ 7) Expanded notation 

a [10 + 2) + 20] + 7 Associative property for addition 
[10 + (2 + 20)] + 7 Associative property for addition 
[10 + (20 + 2)] + 7 Addition is commutative 

[(10 + 20) + 2] +7 Associative property for addition 
(10 + 20) + (2 + 7)* Associative property for addition 
30 + 9 Renaming 


II 
Ce) 
S 


*We are now at the add ones to ones and tens to tens stage. 
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“SHORTCUT” ADDITION 
In actual practice, examples like 12 + 27 can be worked much 
easier than on page 25. We can do them like this. 


We 





‘nA /\ Ww Nn —— : 


+ (20 + 7) 42 + 33 = (40 + 2) + (80 + 3) 


12 + 27 = (10 + 2) 
= (10 + 20) + (2 + 7) = (40 + 30) + (2 + 8) 
= 80 + 9 = 70 +5 


We can do the same examples vertically. 
Like this: 









12 =o 4? os 
+27 =20+7 +338 = 
30 + 9 = 39 
Or like this: 
12 42 
+27 +33 
9 (sum of ones) | 5 (sum of ones) 
30 (sum of tens) 70 (sum of tens) \, i | 
39 sum 75 sum e (\ i 
Now you try these examples. . aye 
oe 60 MK lic 
+385 ; +28 
(sum of ones) (sum of ones) 
(sum of tens) (sum of tens) 


sum sum 
26 
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MORE HORIZONTAL ADDITION 
ae we wish to add 15 and as 


lagu 





(10+5)4+ 7 


1I+7=(10+5)+7=10+647=10+ 122 





10 + 12 = LOO 2) = (LO 10) 
, = 20 + 2 = 22 
Study the following examples. 


16+9=(10+ 6)+9=10+4+ (64 9) = 10 + 15. Then, 
10 + 15 = 10 + (10 + 5) = (10 + 10) + 5 = 2045 = 25, 


we (a0 + Ds = (30 a 10) oO 1 = - 40 + i. = 4 











SOME MORE DIFFICULT PROBLEMS 


Let’s apply what we have learned about addition to some more 
problems. 


Ronnie has 23 marbles before he 
starts a game with Doug. Doug 
loses 9 of his 18 marbles to Ronnie. 
How many does Ronnie have after 
the game? , 

This is a problem that has some 
unnecessary information—the num- 
ber of marbles Doug has. We 
do not need to know this in order 
to solve the problem. An equa- 

3 tion we can use for our solution is 
° 23+9=[]. 


"@ B+9 = (20+3)+9=24 (849) =204 19 
= 20 + (10 + 2) = 20 + 10) + 2 = 304 2 = 32 








Kate is collecting insects for her \ | 
science class. She has caught 13 ye, “ne 
butterflies, 12 crickets, and 8 moths. e e ith 
How many flying insects did she ee 
catch? Ba 

Here we need to know that bs 
crickets do not fly. A model for ‘: 
our solution is 







ieee 8 Sap 3 
+8=(10+3)+48=10+@49 * > 
=10+11=10+(10 +1) 
= (10 + 10) +1 
ss 740) tb le 
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MORE ON VERTICAL ADDITION 
Let’s add 16 and 7 vertically. 


As before, we add ones to ones and tens to tens. We 
think—six ones plus seven ones equals thirteen ones, 
which we write as 1 ten and 8 ones. We still have one ope 
ten (shown in green) to add. Three ones plus no ones Od 
equals three ones. We write 3 in ones’ place in the 
sum. One ten plus one ten equals two tens. We write 
2 in tens’ place in the sum. 











3 

Pence 

- 18 (sum of ones) — 
10 (sum of tens) 


23 sum 


Now let’s shorten our work by remembering the one ten (shown 
in red) instead of writing it. , 


We think—six ones plus seven ones equals thirteen 
16 ones. We will think of this as 1 ten and 3 ones. We 
7 will write 3 in ones’ place and remember the one ten. 


a This one ten plus the one ten in the upper addend 
23 equals two tens. So we write 2 in the tens’ place in | 
the sum. 
Sometimes we write a small digit in our example 1 
to help us remember the unseen ten. However, we 16 
use this digit only if we have trouble working with- _ reels 
out it. 93 
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REVIEWING ADDITION 
Let’s work 35 + 27 = [] in the different ways we have learned. 


VD wanllowVF 






Horizontally 77. 






~\e So het s 
385 + 27 = (80 + 5) + (20 + 7) Expanded notation 
= (30 + 20) + (5+ 7) Regrouping 
= 50 + 12 Renaming 
= 50 + (10 + 2) Renaming 
= (50 + 10) + 2 Addition is HERO GE ION: 
= 60 -92°=> 62 ‘ Renaming i 





: 


-Vertialy a 





35 : 8 ones + 7 ones = 12 ones, or 


_ 47 | 1 ten and 2 ones. 3 tens + 2 tens 


12 (sum of ones) = © tens or 50. Then 2 ones + 0 


50 (sum of tens) ones = 2 ones. 1 ten ae 5 tens = 6 | 


en tens. Pe 


: : Vorecally (shortcut) 


30 Bones -- 7 ones = 12 ones, or 1 ten and 2 ones. Write 
ae +27 — 2 in ones’ place in the sum and Oe ten. 1 ten 
ae (62 ae 3 tens ae 4 tens = a tens. : 


30 





EMER £ cia = ae ee aS TOR TEE 


| PRACTICE FOR YOU 
Complete each equation. 


6+38-—[L)=6 





L]-8+8=10 


In each circle place a + or a — to make a true statement. 


“fia? a) (99 HY) 





WALTERS: {h} = (rE. 


Perform the indicated additions. 












































25 + 31 = (20 + ) + (30 + ) 
= ( 4p yal ts ) 
=. a ears Vai 

36 + 43 = (380 + ) + ( + 8) 
= ( a Vata a ) 
Se sf a 





a eg ~ es — SS BS ae 

(SSE Eo A SS ea ea ee eee a mae - : ST = Er Er : a4: Lapa 
: Ms 

| 


MORE PRACTICE 


Complete each cavenon to make a ae statement. Draw Hines j 
- connecting statements which es the same idea. ae 


=o. ae 
2a eo 
=) 8 3 
=o Boose 





joy 


Fill in the 





ae spaces with the correct numerals. 


tens 


ones 








Standard numeral Standard numeral 








What important property of addition does this number line 
diagram illustrate? pe ee AE el Be a ee 


Sean We smaeneniss 








Complete these problems. 
1. 385 + 56 = (30 + 


= (ae 


—) + (50 + 
0) on an 


— 
— 


aS 
Si (ed) 


—— +—_)+1 


___ (sum of tens) 


+ 6) 


(sum of ones) 
___ (sum of tens) 


Seana 


What reason is used for each statement? You may need to go back 


and review the important ideas about 
Statement 
84+5=5+4+3 


3+(5 +6) =(8+5) +6 
4+ (2+ 3)=4+4 (8 + 2) 
6+0=0+6=6 


addition. 


Reason 





En Ee SS 
Spain SF, Cas ctcaebea”s ah coins 5S om Ca nile RPE Ro > 
a a ao Se Pal Fr, = * hry é 
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SOME BASIC IDEAS OF SUBTRACTION 


We may think of subtraction as an operation performed on 
numbers which uses the separation of sets as its model. 


A B 


n(A) — n(B) = n(A ~ B) 
A — 2= 2 


We may also think of subtraction as an operation which wndoes 
addition. 








C 
oe 





“ ee 
2 Sone 
oe 


n(C U D)— n(D) = n(C) 
(4+ 2)—-2=4 
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IS SUBTRACTION ALWAYS POSSIBLE? 
We have seen that it is always possible to add any two whole 
numbers and the sum of these numbers is always the same whole 
number. The sum of 4 and 2 is always 4 + 2or6 and nothing but 6. 


HUF 





n(E) + n(F) = n(E U F) because the union of two leant sets 
serves as our model for addition. 

But is it always possible to subtract a whole number ‘aye any 
other whole number? 

We used as a model for subtraction the separation of a subset 


from a given set. 
M L~M 


L Brin, 
S3Va C 
: a /; | ~ =n Ai 4 a 
a gif) *. 


Here set M is a subset of set L, so n(L) — n(M) equals n(L ~ M), 
a whole number, (6 — 1 = 5). 


<\ {| 3 does not stand 
; 2 i || fora whole number. 
Since Q is not a subset of P, n(P) — n(Q) is not a whole number. 


5 — 6 does not represent a whole number. 
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IS SUBTRACTION COMMUTATIVE? 
iz = nA), ee es and A and B are disjoint, then 


{PAA a (eaday ine) 


n(A) + n(B) = n(B) + n(A) 
oa+b0=6-+ a. 
This is an example of the commutativity of addition. 
hiee— ae d-—=an(D) andes ~ 


te pWOAR)-OR%, 


n(C) — n(D) = n(C ~ D) 
or c—~d=n(C~D). 
However, study the following set diagrams. 


DAN. & frm pa oe m mein 


n(D) — n(C) has no meaning. 
So we see that ifc #~d 
C—dsd—c. 
Of course, if x = n(X), y = n(Y) anda = y, thenz — y=y-%. 


Unlike addition, the order in which subtraction is performed 
is most wmportant. 
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USING THE NUMBER ZERO IN SUBTRACTION | 


We have learned that if a and b are any two whole numbers, | 
a — b means b is subtracted from a. Unless } is equal to or less | 
than a the numeral a — b does not stand for a whole number. 


How do we use zero in subtraction? Let’s study some examples. 








We see that when any whole number is subtracted from itself the 
difference is zero. 








: {fast my 
3 


3—0= 


Here we see that when zero is subtracted from any whole number 
the difference is that whole number. 
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THINKING ABOUT SUBTRACTION 
Suppose we wish to complete the equation 6 — 4 = [[). 





We think—four from six is two, or six minus four is two. 


We may use subtraction as the undoing of addition. Therefore, 
consider 6 —-4=[Jas[]+4=6. 


a 






We think—what number plus four equals six, or four added to 
what number is six? 2 + 4 = 6 


In the first case we were using subtraction to arrive at 6 — 4. 
In the second case we actually used addition.  _ 
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pig 8 8 18s 710 Me 12) ae 


UR ae een une cana aE Maes ahr retina: 


We can think— eleven: minus what number is ten? The Snnbee : 
is one. But we must altogether subtract three from eleven, so | 
we still need to subtract two more. Therefore we write 


| | (1-1) -2=10-2=8 
Let’s try the same on 17 — 9 = [7]. 





ODA irom 4 >. Ger 8 9-10 1112 19 14 15 1647-18 19 
We reason that 17 —- 9 = (17 -7) -2=10—~2=8, 
Let’s complete the equation 15 — 9 = (7). 





ORS 2a 8 485 MON Ot LOR 10. ae 1) 1S ae alge 
We reason that 15 — 9 = (15 — 5) -4=10 —4 =6. 
Now, you try 16 — 9 = []. 


Oe 2 oe 7 8 GO Ile 15 16) 17-18 
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There are 16 boys trying out for 
the school basketball team. Only 9 
boys can make the team. How 
many of them will not? 

We can use the equation 


16 = 9-= 





for solving the problem. 


AO a, 4 =[ Jn 


sum known addend missing addend 
16 —9 = (16 —6) —3 = 10 —3 =7 
There will be 7 disappointed boys. 








Mrs. Fox is saving trade stamps 
for a bicycle for Kate. The bicycle 
Kate wants requires 17 books of 
stamps. Mrs. Fox has collected 8 
books. How many more books of 
stamps must she save? 

We will use the equation 


i oo | = LY) 


for solving the problem. 
known addend 34 3 pas = | Jo sum 
4 


missing addend 
8 + L] = 17 1s equivalent to17 -8 =[] 
17-8=(17—7)-1=10-1=9 
She will need nine more books. 
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AN IMPORTANT PRINCIPLE 


Think of the equation 8 — 3 = [J]. We can complete this 
equation in some interesting ways. 





(5+3)—-(2+1)=5 


nf lPal Pla 


These set diagrams illustrate a very important principle 
necessary for doing more difficult subtraction. If a>band cod, 


then 
@+)-C+)=(0-94+6-0. HOH 


For example: of oS ok ®. 
x 4 Horizontal x o x 













ox 4m | Vertical 
68 — 37 = (60 + 8) — (30 + 7) 68 = 60 + 8 

= (60 — 30) + (8-7) | —37 = 80+7 

= 30+ 1= 31 : 30+ 1= 31 
84 — 24 = (80 + 4) — (20 + 4) | 84 = 80 + 4 

= (80 — 20) + (4-4) | —24 = 20+ 4 

= 60 + 0 = 60 60 + 0 = 60 
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DOING HARDER SUBTRACTION PROBLEMS 













30 + 1 = 204+ 11 
Now we can complete the problem. 


dl = 30+1= 20+ 11 
= OS 1 eee 





10+ 4=14 
Study these examples. 
43 = 40+ 3 = 30418 
—19=10+9=10+ 9 
20+ 4= 24 
a= 0 560i els 
Nes 6 = ail 
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MORE VERTICAL SUBTRACTION 

As we did with addition, let us see if we can shorten the amount 
of work done in subtraction. 

Solve the equation 85 — 37 = [_] horizontally and vertically. 
Horizontally Vertically 
85 — 37 = (80 + 5) — (380 + 7) 85 = 80 + 
(70 + 15) — (80+ 7) —37=380+7 
(70 — 30) + Ge — g 





We are thinking of 85 as if it were 70 + 15 or 7 
tens and 15 ones. 


tens ones 
7 RS We think—seven ones from fifteen ones is eight 
7 ones, so we write 8 in ones’ place in the difference. 
peels Three tens from seven tens is four tens, so we write 
4 8 A in tens’ place in the difference. 


Let’s solve a few more equations. 


91-38 = 723 —-2=0 1 i 
Siok Gua Sie 
wet XK 3 6 
—3 8 —2 6 OT 
5 3 47 19 
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“SHORTCUT” SUBTRACTION | _ 





Solve this equation: 67 — 39 = []. 


We think—seven minus nine is 


67 sum not a whole number, so we shall 
—39 known addend think of 67 not as 6 tens and 7 ones 


28 missing addend 


but as 5 tens and 17 ones. Now, 9 
ones from 17 ones is 8 ones, and 8 
tens from 5 tens is 2 tens. 


So, if we can remember, we can do without the crossing out and 
the writing in of digits. 


82 
— 28 
54 


53 


—17 


36 


Solve the equation 82 ~— 28 = [7]. 


We know that 2 — 8 does not name a whole number, 
so we think of 82 as 7 tens and 12 ones. Then 8 ones 
from 12 ones is 4 ones and 2 tens from 7 tens is 5 
tens. 


Solve the equation 58 — 17 = fea} 


We know that 3 — 7 does not name a whole number, 
so we think of 53 as 4 tens and 18 ones. Then 7 ‘paren 
13 is 6 and 1 from 4 is 3. 


Try your skill on these examples. (Try not to cross out or write in 
digits unless you find it absolutely necessary.) 


84 


=19 


56 19 64 
+ 28 —37 — 26 
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USING SUBTRACTION IN SOLVING PROBLEMS 


When Kate and Ronnie were in 
Florida they collected seashells. 
Together they collected 61 shells. 
Ronnie found 27 of the shells. How 
many did Kate find? 

An equation which can give us 
the answer to this question is 
Oil Bes (El 
61 = 60 +1= 50+ ll 

—27=20+7=20+ 7 7 
30 + 4 = 34 









Kate found 34 shells. 


Steve has 54 toy soldiers. Ronnie 
has 38. How many more does Ron- 
nie need to have as many toy 
soldiers as Steve? 

We can find the answer by work- 
ing the equation 38 + [] = 44, or 
es ty =| ah 





Ronnie needs 16 more soldiers. 
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REVIEW 
1. Fill in each of the squares below so that all columns, rows, 
and diagonals (corner to opposite corner) add up to 





, i 2. Circle those equations in which the solution is not a whole 2 | 
| number ce | ae 


ees eos 28s | 
oO fee eget feo . 


3. Complete each of the following equations. 
2-8 =(25-____)-3 37-9=(7- 








)-2 





162 \On— (16) as) = 0, 1d SR (ia) Se 
Aaa Ora (= 7) ee 1 (5 5) 





4. Do the following problem both horizontally and vertically. 
TOs ad Guenter oc ys (emer 


= (__ —- ___) + (___ - __) 
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MORE REVIEW 
In each [] place the proper digit. 


U3 30 7 80 03 
+ 30 + [Jd — {6 — 8. — 35 
89 70 52 40° 4q] 


In each circle write <, >,or =, whichever is correct. 


44+(6+6)C) 4+5)+6 i doe al ae 
10-6=-3)C) G@o-6)=3- 6+5+0C) 0+ 


(aa 47 Oo) 6a) (i520) Gil oe 


a6 5). HG) te Gp 25) ear 
$44=20C) 644 =2 8-(44+2)-) @-4) +2 


Complete each equation. 





























63 = 60+ 3= + 13 A + 7 =:60 + —— 
85 = 80 +5 = 70 + 9) = GU) ap = 40 + _ 
60 = 60+ 0= + 10 ol = +1= + 11 


Write an equation which describes the set diagram below. 
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MORE ON EXPANDED NOTATION 





57 = 50+ 7 69 = 60 + 9 

1385 = 100 + 80+ 5 795 = 700 + 90 + 5 
688 = 600 + 80 + 8 961 = 900 + 6041 
023 = 500 + 20 + 3 876 = 800 + 704+ 6 





Remember that any whole number can have as many numerals as 
we wish. However, there is only one way to express a number in ex- 
panded notation. 
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ADDING THREE-DIGIT NUMBERS 


Addition where at least one of the addends contains three 
digits is done in much the same way as addition involving 
two-digit addends. 

It may be shown that to add two numbers expressed as 
three-digit numerals we add ones to ones, tens to tens, and 
hundreds to hundreds. 


A oe Solve the equation 265 + 531 = (1. 





Horizontally 
265 = 200 + 60 + 5 
5381 = 500 + 380 + 1 


& 700 + 90 + 6 = 796 


at 


Vertically 
265 addend 
+531 addend 


6 sum of ones 
90 sum of tens 
700 sum of hundreds 


796 sum 





Shortcut We think—5 ones and 1 one is 6 ones, so we write 6 
265 in ones’ place in the sum. Then, 6 tens and 8 tens is 9 
+531 tens, so we write 9 in tens’ place in the sum. Finally, 
796 2 hundreds and 5 hundreds is 7 hundreds, so we 
write 7 in hundreds’ place in the sum. 
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MORE DIFFICULT ADDITION 
‘Solve the equation 867 + 216 = [7]. 


Horizontally Nh, 
367 = 300 + 60 +7 aA 
+216 = 200 + 10 +6 
500 + 70 + 13 = 500 + 70 + (10 + 3) 
= 500 + (70 + 10) +3 
= 500 +80 + 3 
— 583 


It is easier to use vertical notation. 








Shortcut 
Vertically > 267 
367 | ; vf +216 
+216 ls aN ly a 
13 : 
10 We think—7 ones plus 6 ones is 18 ones or 1 ten plus 
500 3 ones. We write 3 in ones’ place in the sum and re- 
583 member 1 ten. Then, 1 ten plus 6 tens plus 1 ten is 8 


tens. We write 8 in tens’ place in the sum. Finally, 3 
hundreds plus 2 hundreds is 5 hundreds. We write 5 
in the hundreds’ place. 


Now, you try solving the equation, 523 + 349 = [_]. Use the same 
plan as you studied above. 
Vertically Shortcut 

523 523 
+349 +349 
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VERY DIFFICULT ADDITION 
Add 278 and 359. 








Horizontally oe 
278 = 200+ 70+ 8 Ae 
+359 = 800 + 50+ 9 


500 + 120 + 17 





500 -+ (100 + 20) + (10 + 7) 
(500 + 100) + (20 + 10) +7 
600 + 30 +7 

637 


Now, let’s use vertical notation. 
Vertically 
Pry 278 
PW +359 
17 
120 
500 


—— 


637 


Shorteut We think—8 ones plus 9 ones is 17 ones, or 1 ten 
278 and 7 ones. We write 7 in ones’ place and remember 
+3859 1 ten. Then, 1 ten plus 7 tens plus 5 tens is 18 tens, or 
637 1 hundred and 8 tens. We write 3 in tens’ place and 
remember 1 hundred. Finally, 1 hundred plus 2 hun- 
dreds plus 3 hundreds is 6 hundreds. 


Can you solve the equation 465 + 256 = []? 


Vertically Shortcut 
465 465 
+256 +256 
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USING ADDITION IN PROBLEM SOLVING 





Driskill Mountain in Louisiana 
has an elevation of 535 feet. Jeri- 
moth Hill in Rhode Island has an 
elevation of 812 feet. If we could 
place Jerimoth Hill on top of Dris- 
kill Mountain, would the top of 
Jerimoth Hill reach higher in the 
sky than the Empire State Build- 
ing which has an elevation of 1472 


Mr. Fox drove from Chicago to Spring- 
field, a distance of 197 miles, in 4 hours. 
He then drove to St. Louis, a distance of 
98 miles,in 2 hours. How far did he drive 
in all? 

The time he spent driving is not impor- 
tant. All we want to know is the distance 
Mr. Fox drove. We will use this equation: 


LOG, 98 ==. [ie] 


(100 + 90 + 7) + (90 + 8) 

100 + (90 + 90) + (7 + 8) 
= 100 + 180 + 15 

197 + 98 = 100 + (100 + 80) + (10 + 5) 
= (100 + 100) + (80 + 10) +5 
= 200+ 90+5 
= 295 


EMPIRE STATE BLOG. 





feet? 812 + 5385 = 


812 + 535 


(800 + 10 + 2) + (500 + 30 + 5) 
(800 + 500) + (10 + 30) + (2 + 5) 
1300 + 30 +7 


== G47, 
The Empire State Building would be taller. 
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EVEN AND ODD NUMBERS 


Let’s try to arrange the twelve 
balls you see here into two groups 
so that each group will have the 
same number of balls. Can this be @ - 
done? Let’s find out! : 






{peso shy c 


eee o@ Each group has six balls in it. 
& We say that twelve is an even 


number. 
Can we arrange the seven birds a 


we see here into two groups with 
the same number of birds in each?’ 
Again, let’s find out. a 


tt 


FF, No matter how hard we try, we 





always have 4 birds in one group 
and 3 birds in the other. We say 
seven is an odd number. 





If we did this with all the whole numbers up to 25 we would find 
that some numbers would be odd and others would be even. If we let 
O stand for the odd and £ for the even, we would find that 

Oa ile ese S) eae Ss ree Ui haces Pale eG ee 45)) 

Hi Opes Dyn 4G, eS ee LO wae eG Sls r 20 22,124) 
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ADDING TWO ODD OR TWO EVEN NUMBERS 


You noticed that odd numbers have numerals in which the ones’ 
digit 1 is 1, 3, 5, 7, or 9. Hven numbers have numerals in which the 
ones ’ digit i is 0, 2,4, 6, or 8. This helps explain why zero is thought 
of as an even nimnber 

What kind of a number is the sum of an even and an even? 





a +s = 6 


You may try 3 + 5,7 + 9.11 + 1,18 + 9,---as many as you can. 
You will find for every example that the sum of an odd number and 
an odd number is an even number. 

If we represent any member of set O by o and set E by e, 
we can agree thato + 0=eande +e =e. 

The sum of two odd or two even numbers is always an even number. 
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ADDING AN ODD AND AN EVEN NUMBER 


We have only to find out now what is the sum of an odd number 
and an even number. Let’s look at a few such sums. 





5+4=9 


You can try 7 + 4,9 + 6,11 + 2,18 + 8,---as many as you wish. 
For every example you will find that the sum of an odd number and | 
an even number is an odd number. 





Will the sums of the following be odd or even? 


14 27 5 8 63 19 AO) 
6 aE S + 4 3 +17 alaiee! +59 


Could you tell without working the problem? | 
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CHECKING EASY ADDITION 


If we add 78 and 59, how can we tell if our sum is right? Since we 
are adding an odd number and an even number we know our 
sum should be an odd number. 

Because addition is commutative, we can interchange the addends 
and do the example again. Let’s try this idea. 


(Sos ahOn-tanS o9 = 50+ 9 
+09 = 90+ 9 +78 = 70+ 8 


120 + 17 = 187 | 120 + 17 = 187 





8 
9 8 ones + 9 ones = 17 ones or 1 ten and’7 ones 





Le 7 tens + 5 tens = 12 tens or 1 hundred and 2 tens 
120 Then, 7 ones + 0 ones = 7 ones 

1 ten + 2 tens = 8 tens 

137. 1 hundred + 0 hundreds = 1 hundred 





A third check is to subtract either addend from the sum. The 
difference should be the other addend. 


137 = 100 + 830+ 7=0+ 130+7=0+4+ 120+17 
=e) = 3) SE 8) = DW se oy) = Sse. 


og 70 + 8= 78 
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YOUR TURN 


Rename the following as standard numerals. 


200°2-- 90 +f se O10 eto 0 Se 2) — 
700 + 140 + 12 = ___ 500 + 80 + 31 = ____ 
600) = LOB 207) 800 + 90 + 13 = ____ 
16 tens and 18 ones = —_____ 12 tens-and:-9 ones ee 
18 tens and 36 ones = —___ loitens and. 22 oness== = es 








Complete these problems. 


432 
+357 


sum of ones 

sum of tens 

sum of hundreds 
sum 


Do these by the shortcut method. 


539 693 
+218 + 246 





a7. 


584 
+3807 
sum of ones 
sum of tens 
sum of hundreds 
sum 





788 
+1385 


MORE REVIEW 
Without Basing, a if “lie sum will be odd or even. 
481 + 2 34 = 1 
2 33 4 5. oe oe — ae 
ch eae ra aan a gee Pee nere. 


68 + 33 - 
195 + 195. 
e471 : 


Place a 28 oF Se in eacl 
48 + 32 C+) 8-9 93 + 39 (_) 39 + 98 


38 +7 C)19 +19 367 + 3 C) 301 + 69 
80 — 42 C_) 19 + 19 520 + 20 (_) 480 + 60 
93 — 39 (_) 84 — 49 98 — 89 (_) 37 — 28 


451 + 951 C_) 658 + 145 


In each [] place the proper digit. 
me OO 8 Oe. on az, [18 6 
oe Aet s e BES ee +310 
095 663 O80 910 


Add. 
451 
+266 


Subtract. 
~~ Sl 





ere I eee EIS ae ES es 





IS SUBTRACTION ASSOCIATIVE? 


Does subtraction obey the grouping property? Let’s try this 
by seeing if (8 — 5) -2 = 8 — (5 — 2). 


First we show that c —5)—-2=1. 





sa SH 


So, (8 — 5) os — (5 — 2). 

The way we group an expression of the form a — b — c can 
change the number it stands for. In fact, some of the time, 
either (a — b) — c or a — (b — c) may not even represent a 
whole number. For example, 11 — (9 — 3) = | has a solution 
among the whole numbers, but (11 — 9) — 3 = [J does not. 





“ee siecmenaacon % 


However, if c = 0 then (a — 6) — ¢c = a — (b — ¢). For example 
10 — ( (Ce eae (10 — 8) — 0. 
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SUBTRACTING THREE-DIGIT NUMBERS 
Subtraction where either the sum or known addend contains 
three digits is done in much the same way as subtraction involv- 
ing one- and two-digit numbers. 

Let’s solve this equation: 416 — 8 = [7]. NZ 
Horizontally 3 VAS Oe 
416 — 8 = (400 + 10 + 6) — 8 

= (400 + 0 + 16) — 8 











= 400 + (16 — 8) i 
= 400 + 8 7s 


= 408 a 

Vertically | eS 
416 = 400 + 10 + 6 = 400 + 0 + 16 

-— 8= 3= g 
400+ 0+ 8 = 408 


ot 






Let’s solve the equation 723 — 84 = []. 

Horizontally 

723 — 84 = (700 + 20 + 8) — (80 + 4) 
= (600 + 120 + 3) — (80 + 4) 
= (600 + 110 + 18) — (80 + 4) 





= 600 + 30+ 9 
050 
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DOING DIFFICULT SUBTRACTION 
Solve the equation 961 — 488 = []. 
Horizontally ) 
961 — 488 = (900 + 60 + 1) — (400 + 80 + 8) 
= (800 + 160 + 1) — (400 + 80 + 8) 
(800 + 150 + 11) — (400 + 80 + 8) 
(300 — 400) + (150 — 80) + ce — 8) 


400 + 70 + 8 
473 
Vertically 
961 = 900 + 60 + 1 = 900 + 50 + 11 = 800 + 150 + 11 
—488 = 400 + 80+ 8 = 400 + 80+ 8=400+ 380+ 8 
400+ 70+ 3 = 478 
Shortcut 
We know that 8 ones from 1 one is not a whole number 
961 so we will think of 961 as having 9 hundreds, 5 tens 
_ 488 and 11 ones. Now, 8 ones from 11 ones is 38 ones. We 
ee cannot subtract 8 tens from 5 tens and get a whole 
473 number so we will think of 961 as having 8 hundreds, 


15 tens and 11 ones. Now, 8 tens from 15 tens is 7 tens. 
Finally, 4 hundreds from 8 hundreds is 4 hundreds. 


Now, you try to solve the equation 723 — 489 = [_]. Be sure you 
can explain each step you take. 
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CHECKING SUBTRACTION 
Since subtraction may be thought of as the wndoing of addition, 
a good way to check subtraction is by means of addition. Watch 
how we check the example you worked on page 61. 


Subtraction Check (Addition) 
723 234 
— 489 +489 
234 (Zs 


Since we subtracted an odd from an odd, the result should be even. 


Solve the equation 888 — 383 = [], and check. 





Horizontally 
8388 = 800 + 30 + 8 = 700 + 180+ 8 
— 383 = 300 + 80+ 38 = 300+ 8048 
400 + 50+ 5 = 455 
Shortcut Check 
838 455 
= 989 +383 


455 838 











TIME TO TEST YOURSELF 
Write equations for each of the following. 


a 


<A W) ye 
wed y 


-+- = 















What important ideas are pictured in the following diagrams? 
OOS |) e@® 


Go back to pages 6 and 12 if you can’t remember. 


EXxpress as expanded numerals. 


G2 ils oe eae Se Sef ee DoOtee wae! see ee ae 
OO ae ee eae S00hS ee ee ee 
Complete these equations. | 

14 + 38+ LJ = 60 —- 9 16 — (6 — 3) = 16 — [] 
8+(7+5)=(+L)+5 (16 =" 6) =e 16 ie 
146+(f)-8 = 16 24 — 1§ = (24 —9) —- 


7+4-(J)=7 18 +17 = 24+ (] LJ -7+7=9 
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Fill in the blanks. 


1385 + 324 = (100 + —___ 


(100 + 


ze eee 





0) Fh (e220) 4) 
pe) ee 20) eee 
a eee 


In each [] place the proper digit. 


Deal 6 70 
ee Ble Rice ee ala G 


89 4338 43 


Give the reason for each statement. 


Statement 


Pe - 8-3 4(1— 3) -3 
9+ (1 + a= (9 + 1) + 8 


M+0= 14 


\ 


e727 4B 


+ 4) 


OOO 587 
+384 — 00 =F 
537 198 
Reason 














Can you explain whats is idan te ere OF the following? 
Zero is the identity for addition. 
Subtraction undoes addition. 
The order in which subtraction is performed is most important. 
Subtraction is not always possible with the set of the whole numbers. 


Addition is associative. 
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NEW MATH II extends the idea of sets and numerals 
established in New Math |. The operations of addition 
and subtraction are stressed. Colorful, easy-to-under- 
stand problems will give a child immeasurable help 
with these two fundamental operations. 

This New Math series was planned by Dr. Irwin K. 
Feinstein, professor of mathematics at the University 
of Illinois (Chicago Circle). Dr. Feinstein is a well-known 
author of many books and articles in mathematics. He has served as a 
consultant to more than eighty school systems, and has worked extensively 
with adults and children to help them increase their understanding and 
appreciation of the New Math. 

(Since these books were planned to follow one another in a logical 
order, it is suggested that they be used in sequence.) 
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Whitman Help Yourself Workbooks 


B 


beginning arithmetic spell and play 
count-color-play more spelling 

new math | fun with words 

new math Il beginning steps in phonics 
new math Ill next steps in phonics 
.tead-color-play fun with writing (manuscript) 


more reading fun with writing (cursive) 





